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Abstract

A compact approximate formula is presented for the
joint distribution p(E,,..., E,) of m structure fac-
tors for an equal-atom structure in the space group
P1. The formula is based on the peculiar behaviour
at infinity of suitable approximations of the charac-
teristic function of p(E,,...,E,). The case
(E,, E;) = (Ejm, E;) is considered for values |U,|,
|U,|=0-45. The conditional probability P.(E,|Ey)
that is obtained with the above method is compared
with the tangent formula of Cochran & Woolfson
[Acta Cryst. (1955), 8, 1-12].

1. Introduction

Let us consider m normalized structure factors

N/2
E, =2N7"?% cos 2wh,.x;) (k=1,2,...,m)
ji=1
for the space group P1 and a unit cell containing N
equal atoms. We shall suppose that x,,x,,...,X,
(n= N/2) are n independent random vectors ranging
uniformly over the unit cell and we denote by
p(E,, E,, ..., E,) the joint probability density of the
m random variables E, (=E,,); we use the notation
E, to denote E, but considered as a random
variable. For phase determination we are primarily
interested in a good approximation of
exp(3Y, EX)p(E,, E,, ..., E,) rather than
p(E,, E,, ..., E,). It has been indicated by Brosius
(1987) that a Gram-Charlier series expansion of
p(E\,E,,...,E,) is a poor approximation to
exp(3Y, E})p(E,,..., E,) for moderately high |E]|
values. A way to cope with this problem was
to develop logp(E,,..., E,) according to an
asymptotic series expansion (e.g. Karle & Hauptman,
1953). This is believed to work fine for moderately
high E values and not too high m. A serious annoy-
ance of the latter method is that it will be practically

0108-7673/89/070453-04$03.00

impossible to calculate the error of truncating
log p(E,,..., E,) at some order, whereas it should
in principle be possible to do it for the Gram-Charlier
expansion of p(E,, ..., E,) [the case m =1 is treated
by Brosius (1988)]. Furthermore, the formal
expansion of log p(E,, ..., E,) will hide some basic
forms in it; to be more precise, it has been shown by
Heinerman, Krabbendam & Kroon (1977) that
log p(E,, ..., E,) contains a Karle-Hauptman deter-
minant at least if one considers log p(E,, ..., E,) to
order N™'. But if one inspects the terms of order
(NN'2)7" it is also clear that something else is in
play, the influence of which might become greater
for larger m. Another example is given by the well
known Cochran & Woolfson (1955) formula that
gives the conditional probability of E,, given the
value |E,|. In their formula the expression 3E,,(E;—
1)N~"2 appears. Clearly, the part (1/2N"?)E,,E}
has something to do with the Harker-Kasper
inequality Uj=3(1+ U,,) (Harker & Kasper, 1948).
But where the term —(1/2N'?)E,, comes from
remains a mystery.

Recently, the search for the functional form and
for a better approximation of p(E,, E,, ..., E,,) has
regained interest (e.g. Wilson, 1981, 1983, 1986, 1987;
Shmueli & Weiss, 1985; Shmueli & Wilson, 1981).
Our approach differs from approaches like that of
Shmueli, Weiss, Kiefer & Wilson (1984) in that we
present a modification of the usual asymptotic
development.

2. The formula
p(E], EZ" L] Em)

=Q2m) " det[oy(&,, &, ..., €N}

x [1 exp (—Ex &) Io(28,/ NV*)N/?
k=1

xp(gla gZa"', gm)N/zsN(gla”', gm)
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where x - I,,(x) denotes the modified Bessel function

of order n; a,(x)=I,(x)/I,(x) for every real x;
(ula”', um)_)‘p(ula" LR} um)N/2

is the_characteristic function of the random vector
(El’ EZ’ se ey Em);

(p(ul, Uyyonny um)=¢(_iul, _iuZ"-
p(ggls g29"', ?gm)

=l]’(g1, LR gm)/ ﬁ 10(2gk/N1/2);

) _ium);

(%, %,,..., &,) is the solution of the m equations
Ekd’(gla ceey %m)
N o
=36_ukw(ul’ ,um)l(ul....,u,,.)=(ig, ..... %) (2)
(k=1,2,...,m);
o-ij(%’l, ey %’m)
2
N T2 W(E,,..., &)
32
xau,- aujdj(ul’ ceey um)l(u, ,,,,, Upn)=(%,,..., Em)
(1=ij=m);
on(8,,...,€,)=1+0(1/N).
We usually take o65(%,,...,%8Nn)=1 for N

sufficiently large. For the definition of 85 we refer to
the derivation of this formula in § 3.

Some comments should be made here. We expect
that 6§y may be approximated by 1 for sufficiently
large N. Also (1) is only valid whenever det (o;;) # 0.
We think that the set (2) of m equations always admits
a solution whenever E,,..., E, are ‘acceptable
values’, i.e. whenever there exist n vectors r,,...,r,
(n= N/2) such that

E, =2N7"?Y cos (2mh, .1;) fork=1,...,m;
J

but this is still an open question. However it is not
difficult to show that a solution must be unique
whenever det (o;;) # 0. Finally, for the case m=1 it
has been shown (Brosius, 1987) that

lim det(a,-j)‘”z[ IT exp (—Ei&x)
k=1

det(aij)->0

X 10(2gk)/N1/2)N/2]p(%l9 sy gm)N/2=0

whenever N =5. It is not known if anything similar
is valid for general m. Finally, let us notice that in
practice we shall usually look for values of
%,,%,,..., %, that solve the m equations (2) to a
good approximation.

THE JOINT DISTRIBUTION p(E,,.

.., En) IN P1

3. The derivation of formula (1)

Let P(u,,...,u,)=(exp (iu,E:,+. . .+Aiu,,,1§,,,)) be
the characteristic function of (E,,..., E,,),
D(uy,...,u,)=Ilim @.(u,,...,u,)

r—>oo

where @,(u,, ..., u,) is a suitable approximation of
D(u,, ..., u,) defined as

(pr(ula"', um)

= {< ﬁl [Jo(2u,/ N'?)

s=

r N/2
+2 ¥ i*J.(2u,/ NY?) cos (2wkhs.x)]>} .
k=1

Since
J.(2)=(2/ 7z)""*{cos (z —3nm ~ )
+exp (|Im 2[)O(|z[™")}
for |z] >0 (larg z| <),

it follows from a slight generalization of the method
given by Brosius (1987) that the Fourier transform
pE,,..., E,) of ®(u,,...,u,)is also given by

pr(El, ceny Em)=(1/277)m _j du] ce _j dum

X exp [—i Y (—i%’k+uk)Ek]
k

XP(-i&,*uy,...,—i€,+u,)
(3a)

for all real values of &,,..., &,,. If we assume that

the joint density distribution p(E,,..., E,) of
(E,,..., E,) exists, we clearly have
p(E,,...,E,)=limpJ(E,,..., E,).

r—>0o

So (3a) becomes

p(Ei,...,E.)=01/2m)" | du,... | du,

xexp[—iY (i, +u ) E.]
X D(—i&,+u,y,...,—i¢€,+u,)
(3b)
for all real values of &, &,,..., &,. One then gets

p(Ela'-'aEm)
=€exXp (_Z Ek%k)¢(—i(gl,---9_i%m)
k
x(1/2m)™ | duy... | du, exp(—iZukEk)
—0 -0 k

X¢8(“],"'aum)

(4)
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where
O(—i& +tuy,...,—i€,+u,)
¢ .. m = b b
st thm) i, By )
is a characteristic function. More precisely one has
Dg(uy, ..o, Um) =@e(Uy, ..., un)" (n=N/2) (6)

where ox(u,,...,u,) is a characteristic function.
Hence, for large n, ¢x(u,, ..., 4,)" can be developed
asymptotically as

‘P?(ul’ R um)’l

=cxp[i§#’k(gla"" gm)uk

—%ZZ o;(%,,..., %m)uiuj+0(1/N’/2):| (7)
where
G

1 9
L et ..., —ig,
1 auk

s Em)

+ um)|u|=u2=...=um=0

a-ij(gla°“a gm)

2

- In &(—ié,+u,,...,—i%,
ou; dy;

+ um)lul=...=u,,.=0' (8)
One then obtains

+c0 +00
1/2m)™ | du,... I du,,
X exp (—iZ ukEk)d)‘Z(ul,'",um)
k
+00 +00
=(1/27)™ | du,... | du,

X exp [—i % (Ex —px) uy. —%Z X o-,-,-uiuj]sN

ij
(9)
with

en=1+0(1/NV?).

Now choose &,, ..., €, such that | E; — | is as small
as possible. So, if we suppose that there exist values
&,,..., %, such that E, = u, for every k then the
part on the right of (9) becomes

(1/27)™85[det (o)1 > [if det (o) #0] (10)

where 8y =1+ O(1/ N). In general we hope that 8y
can be approximated by 1 when N is large enough
even when det (o;;) is small (but positive). The term
8n has been partially analysed (Brosius, 1987). It is
now straightforward to obtain the final form of (1).
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4. An application: the case (E,, E,) =(E,,, Ey)

For convenience, let us put

B=2N""2 (11)
One then obtains, using (A4) of the Appendix,
@(uy, uy) = Jo(Buy)Jo( Buz)
=2iJ,(Buy)J2(Buz) + O(I/Ns)
and thus
(%, &) =1(BE)1«(BE,)
+2I(B&) L(BE,)+O(1/N%)  (12)

p(%,%)=1 +2a,(Bé))a(BE;)+ 0(1/N3)~ (13)

For U,=EN""? and using (A1), equations (2)
become

Uip(&,, &) = a,(BE,) + ax(BE)
+ ax(BE)) ax(BEy)
+ higher-order terms
Up(%,, €)= a,(BE,) +a,(BE))a,(BE,)
+a,(B€)as(BE,)
+ higher-order terms. (14)

Inspection of the tables of I,(x) shows that a good
approximation to the solution of (14) within the range
|U,|, |Us|=0-45 is given by

U=a(B%) and U,= a,(BE,).

We may then approximate a,(8%,), a;(B%,), etc. by
1U%,LU3, etc. and analogous approximations may be
given for a,(B%,). It then follows that

p(&, €)=1+U,U3+O(1/N?), (15)
and after using (A2)
on(€,, gl)zl"%uf
022(€,, €)= U,
022(€,, gz)"—‘l'*'U]—%U%- (16)
Hence
det[oy(&,, €)]=1+U,—-3Ui-3U3. (17)

Since for this approximation sign (%,)=sign (E;)
(k=1,2) we only need to consider the part
p(gl’ %Z)N/Z‘det [a-ij(gl’ g2)]|_l/2’

p(&,, g2)N/2{det [O'ij(gl’ g2)]}_l/2
____(a+uuy)h”s
OO

of p(E,, E,) [see (1)] in order to derive the condi-
tional probability P.(E,||Ey|) that the sign of E,, is
positive given the magnitude of E,. Define

a.(E,, Ez)=1+|U11_%U%_§U%
a_(E,, E;)=1-|U)|-3UT -3V

(18)

(19)
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Then one obtains

P+(E2h||Eh|)

—{1+[a_(E,,EZ)] exp (—|UI|IE) ;. (20)

Let us compare this with the classical tangent formula
(Cochran & Woolfson, 1955) for E3=1. It then fol-
lows from (20) that (if N is high enough)

1+|U, —%U%)’/Z]—‘
P(En||El=1)=|1+|{—"—55 ,
+( 2h“ h| ) [ <1—|U1 —%Uf (21)

This gives P,=0-41 for |U]|=0-3 whereas the
classical formula would have given P.=0-5.

5. Concluding remarks

Besides the problem of proving that the m equations
(2) always give a solution for acceptable values of
E,,..., E, it also remains to investigate the term 8.
We believe that 65 can be approximated very well
by 1 (and some heuristic arguments point to that
direction), but a lot of research has still to be done.
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APPENDIX
Some useful relations

9 (x) =1 (%) + 2y ().

dx (A1)
dZ
a&In(x)=%In—Z(x)+%1n(x)+zlln+2(x)~ (Az)
Jalix) =i"L,(x);  J_p(x) =(=1)"Ju(x);
I, (x)=(-1)"L,(x). (A3)

exp (iz cos @) = Jy(z) +2 § i*Ji(z) cos (k). (A4)
k=1

References

BROSIUS, J. (1987). Acta Cryst. A43, 674-676.

BROSIUS, J. (1988). Acta Cryst. Ad4, 14-17.

COCHRAN, W. & WOOLFSON, M. M. (1955). Acta Cryst. 8, 1-12.

HARKER, D. & KASPER, J. S. (1948). Acta Cryst. 1, 70-75.

HEINERMAN, J. J. L., KRABBENDAM, H. & KROON, J. (1977).
Acta Cryst. A33, 873.

KARLE, J. & HAUPTMAN, H. (1953). Acta Cryst. 6, 131-135.

SHMUELL, U. & WELss, G. H. (1985). Acta Cryst. A41, 401-408.

SHMUELI, U., WEIsS, G. H., KIEFER, J. E. & WILsON, A. J. C.
(1984). Acta Cryst. A40, 652-660.

SHMUELI, U. & WILSON, A.J. C. (1981). Acta Cryst. A37, 342-353.

WILSON, A. J. C. (1981). Acta Cryst. A37, 808-810.

WILSON, A. J. C. (1983). Acta Cryst. A39, 26-28.

WILsSON, A. J. C. (1986). Acta Cryst. A42, 81-83.

WILSON, A. J. C. (1987). Acta Cryst. A43, 554-556.

The Direct Method Based on a Fitting of Distributions of Semi-Invariants

By VAcrLav Kriz

Institute of Physics, Czechoslovak Academy of Sciences, Na Slovance 2, 180 40 Prague 8, Czechoslovakia

(Received 5 May 1988, accepted 6 February 1989)

Abstract

A new direct method (called TRYMIN) for phase-
problem solution is described. At first a methodical
procedure is presented for the construction of a direct
method. The aim of the calculation is formulated as
a consistency between theoretical and calculated
distributions of invariants. A minimized function is
obtained and an algorithm for its minimization is
proposed. The algorithm is based on the partial
decomposition of phases into three subsets and on
the cyclical improvement of the estimate of local
minima. The efficiency of the method has been tested
on 23 structures and a short evaluation of the results
of computer experiments with test structures is pre-
sented.

0108-7673/89/070456-08303.00

Definition of the problem

The direct method for the solution of the phase prob-
lem is based on a theory that gives for a great number
of functions Y; of phases ¢ a forecast of their values
for the correct phases ¢*. For arbitrary values [, u;
the theory affords the probability that the theoretically
correct value Y¥ = Y;(¢*) satisfies

L<Y¥<u,.

Implementing this theory we can formulate the
following task: to construct an algorithm for the gen-
eration of a limited number of sets ¢ for which the
values Y; = Y;(¢) will satisfy inequalities ], < Y, <u;
(for a priori given I, u;) with frequency in correspon-
dence with the theory.
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